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Abstract
Since Sedla´c˘ek introduced the notion of magic labeling of a graph in 1963, a variety of
magic labelings of a graph have been defined and studied. In this paper, we study consecutive
edge magic labelings of a connected bipartite graph. We make a very useful observation
that there are only four possible values of b for which a connected bipartite graph has
a b-edge consecutive magic labeling. On the basis of this fundamental result, we deduce
various interesting results on consecutive edge magic labelings of bipartite graphs, especially
caterpillars and lobsters, which extends the results given by Sugeng and Miller [7].
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1 Introduction
Since Sedla´c˘ek [6] introduced the notion of magic labeling of a graph, a variety of magic labelings
of a graph have been defined and studied (see Gallian [2]). Kotzig and Rosa [4] introduced the
notion of a magic valuation of a graph in 1970. A magic valuation of a graph G = (V,E) is a
bijection f from V ∪ E to {1, 2, . . . , |V ∪ E|} such that for all edge xy, f(x) + f(y) + f(xy) is
a constant called the magic constant of f . Given a graph G, a positive integer k is said to be
a magic constant of G if k is the magic constant of a magic valuation of G. Later, Ringel and
Llado´ [5] rediscovered this notion and called it edge-magic labeling. More recently, Wallis [8]
used the term edge-magic total labeling to distinguish it from other kinds of labeings that use
the word magic.
∗This work was partially supported by the National Research Foundation of Korea(NRF) grant funded by the
Korea government(MEST) (No. NRF-2010-0009933).
†Corresponding author: jypark0902@khu.ac.kr
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An edge-magic total labeling is called a b-edge consecutive magic labeling if the edge labels
are {b+1, b+2, . . . , b+ |E|} where 0 ≤ b ≤ |V |. Sugeng and Miller [7] claimed that if a connected
graph G with n vertices has a b-edge consecutive magic labeling with 1 ≤ b ≤ n − 2, then G is
a tree; the union of r stars and a set of r − 1 isolated vertices has an r-edge consecutive magic
labeling.
In this paper, we extend these existing results about consecutive edge magic labelings of
graphs in the following way. We find all the values of b for which a connected bipartite graph
has a b-edge consecutive magic labeling; We show that a connected bipartite graph G = (X,Y )
having an |X|-edge consecutive magic labeling is a tree having a graceful labeling and a super
edge-magic labeling; We give a necessary and sufficient condition for a caterpillar having a b-edge
consecutive magic labeling, which actually answers an open problem posed in Wallis [8]; We also
obtain an interesting result on consecutive edge magic labelings for lobsters.
For any undefined term, the reader may refer to [9].
2 Properties of edge consecutive magic labelings of bipartite graphs
We first present the following proposition which is simple but very useful.
Proposition 1. Suppose that G has a b-edge consecutive magic labeling λ for 1 ≤ b ≤ |V (G)|.
Then, if y and z are neighbors of x, then either {λ(y), λ(z)} ⊂ {1, . . . , b} or {λ(y), λ(z)} ⊂
{b+ |E(G)| + 1, . . . , |V (G)| + |E(G)|}.
Proof. Without loss of generality, we may assume that λ(y) < λ(z). Suppose to the contrary
that λ(z) > b and λ(y) < b + |E(G)| + 1. Then, by the definition of b-edge consecutive magic
labeling, λ(z) ≥ b+ |E(G)| + 1 and λ(y) ≤ b. Since λ is an edge-magic total labeling,
λ(x) + λ(y) + λ(xy) = λ(x) + λ(z) + λ(xz),
which implies
λ(y) + λ(xy) = λ(z) + λ(xz) (1)
Since λ is a b-edge consecutive magic labeling, λ(xz) ≥ b+1. From (1) and the assumption that
λ(z) ≥ b+ |E(G)| + 1, we obtain
λ(y) + λ(xy) ≥ (b+ |E(G)| + 1) + (b+ 1) = 2b+ |E(G)| + 2.
Again, by the definition of b-edge consecutive magic labeling, λ(xy) ≤ b+ |E(G)|. Thus we have
λ(y) ≥ 2b+ |E(G)| + 2− (b+ |E(G)|) = b+ 2,
which contradicts the assumption that λ(y) ≤ b.
The following theorem shows that there are only four possible values of b for which a con-
nected bipartite graph has a b-edge consecutive magic labeling.
Theorem 2. If a connected bipartite graph G = (X,Y ) has a b-edge consecutive magic labeling,
then b ∈ {0, |X|, |Y |, |X| + |Y |}.
2
Proof. For simplicity, we denote the set {1, 2, . . . , b} by [b]. By the definition of a b-edge consec-
utive magic labeling, it is sufficient to show that b = |X| or |Y | if 1 ≤ b < |X| + |Y |. Suppose
that 1 ≤ b < |X| + |Y |. We claim that either λ(X) ⊂ [b] or λ(X) ⊂ {b + |E(G)| + 1, . . . , |X| +
|Y | + |E(G)|}. Take two vertices x and x′ in X. Since G is connected, there is an (x, x′)-path
P in G. Since G is bipartite,
P = x1w1x2w2x3 · · · xlwlx
′
where x = x1 and xi ∈ X and wi ∈ Y for i = 1, . . ., l. Then, by Proposition 1, if λ(x) ≤ b, then
λ(xi) ≤ b for i = 2, . . ., l and so λ(x
′) ≤ b, and if λ(x) ≥ b+|E(G)|+1, then λ(xi) ≥ b+|E(G)|+1
for i = 2, . . ., l and so λ(x′) ≥ b+ |E(G)|+1. Since x and x′ were arbitrarily chosen, λ(X) ⊂ [b]
or λ(X) ⊂ {b+ |E(G)| + 1, . . . , |X| + |Y |+ |E(G)|}. Similarly we may show that λ(Y ) ⊂ [b] or
λ(Y ) ⊂ {b+ |E(G)| + 1, . . . , |X| + |Y |+ |E(G)|}.
If λ(X) ⊂ [b] and λ(Y ) ⊂ [b], then b ≥ |X| + |Y |, which contradicts the assumption. If
λ(X) ⊂ {b+|E(G)|+1, . . . , |X|+|Y |+|E(G)|} and λ(Y ) ⊂ {b+|E(G)|+1, . . . , |X|+|Y |+|E(G)|},
then b = 0, which contradicts the assumption again. Therefore if λ(X) ⊂ {b + |E(G)| +
1, . . . , |X|+ |Y |+ |E(G)|}, then λ(Y ) ⊂ [b], or λ(Y ) ⊂ {b+ |E(G)|+1, . . . , |X|+ |Y |+ |E(G)|},
then λ(X) ⊂ [b].
If λ(X) ⊂ [b] and λ(Y ) ⊂ {b + |E(G)| + 1, . . . , |X| + |Y | + |E(G)|}, then |X| ≤ b and
|Y | ≤ |X|+ |Y | − b, which implies b = |X|. If λ(X) ⊂ {b+ |E(G)| + 1, . . . , |X| + |Y |+ |E(G)|}
and λ(Y ) ⊂ [b], then |X| ≤ |X|+ |Y | − b and |Y | ≤ b, which implies b = |Y |.
Suppose that a graph G with m edges has a labeling of its vertices with some subset of
{0, 1, . . . ,m} such that no two vertices share a label and the edge labels are the set {1, 2, . . . ,m}
where an edge label is the difference of the values assigned to its end vertices. Then G is said
to be graceful and such a labeling is called a graceful labeling of G.
A b-edge consecutive magic labeling of a graph is called a super edge-magic labeling if
b = |V (G)|. A graph G is said to be super edge-magic if it has a super edge-magic label-
ing. Enomoto et al. [1] conjectured that every tree is super-edge magic, which still remains
open.
We obtain an interesting result related to graceful labeling and super edge-magic labeling. As
a matter of fact, it gives a stronger version of the result by Sugeng and Miller [7] stating that if
a connected graph G with n vertices has a b-edge consecutive magic labeling with 1 ≤ b ≤ n−2,
then G is a tree. Furthermore, the conjecture given by Enomoto et al. [1] is true for a tree T
that has an |X|-edge consecutive magic labeling where X is one of bipartitions of T when it is
considered as a bipartite graph.
We first show the following.
Theorem 3. If a connected non-bipartite graph G has a b-edge consecutive magic labeling, then
b = 0 or |V (G)|.
Proof. It suffices to show that if b ≥ 1, then b = |V (G)|. Since b ≥ 1, there is a vertex x in
G such that λ(x) ≤ b. Take a vertex y in G. Since G is not a bipartite graph, there is an
odd cycle C in G. Let w be a vertex on C. Since G is connected, there is an (x,w)-path P1
and a (w, y)-path P2 in G. Let W be a walk which is obtained by concatenating P1 and P2
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if the sum of lengths of P1 and P2 is even, and by concatenating P1, C, and P2 if the sum of
lengths of P1 and P2 is odd. In both cases, the walk W is an (x, y)-walk of even length. Thus,
by Proposition 1, λ(y) ≤ b since λ(x) ≤ b. Since y was arbitrarily chosen, λ(v) ≤ b for any
v ∈ V (G). Thus |V (G)| ≤ b, and therefore |V (G)| = b.
Let G be a connected graph G with n vertices having a b-edge consecutive magic labeling for
some b ∈ [n − 1]. Then, by the above theorem, G is bipartite. If b = n − 1, then one of the
partite sets of G has size n − 1 by Theorem 2 and so G is a tree. Hence G is a tree even for
b = n−1. The following theorem shows that G should be a special tree that has both a graceful
labeling and a super edge-magic labeling.
Theorem 4. If a connected bipartite graph G = (X,Y ) has an |X|-edge consecutive magic
labeling, then G is a tree having both a graceful labeling and a super edge-magic labeling.
Proof. By the above observation, G is a tree. We first show that G has a graceful labeling. Let
λ be an |X|-edge consecutive magic labeling of G. Then, by Proposition 1, λ(X) = {1, . . . , |X|},
or |X| = |Y | and λ(Y ) = {1, . . . , |X|}. By symmetry, we may assume that λ(X) = {1, . . . , |X|}.
Then, by the definition of |X|-edge consecutive labeling, λ(Y ) = {|X| + |E(G)| + 1, . . . , |X| +
|Y |+ |E(G)|}. Therefore
λ(X) = {1, . . . , |X|}, λ(Y ) = {|X| + |E(G)| + 1, . . . , |X| + |E(G)| + |Y |}, (2)
and
λ(E(G)) = {|X| + 1, . . . , |X|+ |E(G)|}.
Since |λ(E(G))| = |E(G)| and λ(x) + λ(y) + λ(xy) is constant for each edge xy of G,
|{λ(x) + λ(y) | x ∈ X, y ∈ Y, xy ∈ E(G)}| = |E(G)|. (3)
We define a labeling ϕ from X ∪ Y to {0, 1, . . . , |X| + |Y | − 1} as follows:
ϕ(z) =
{
λ(z)− 1 if z ∈ X;
|E(G)| + 2|X|+ |Y | − λ(z) if z ∈ Y.
Then, by (2),
ϕ(X) = {0, 1, . . . , |X| − 1} and ϕ(Y ) = {|X|, . . . , |X| + |Y | − 1} (4)
and
1 ≤ ϕ(y) − ϕ(x) ≤ |X|+ |Y | − 1.
Since G is connected, |X|+ |Y | − 1 ≤ |E(G)| and so
1 ≤ ϕ(y) − ϕ(x) ≤ |X|+ |Y | − 1 ≤ |E(G)|. (5)
Now, for any pair of adjacent vertices x ∈ X and y ∈ Y , ϕ(y) > ϕ(x) and
ϕ(y)− ϕ(x) = (|E(G)| + 2|X| + |Y | − λ(y))− (λ(x) − 1)
= |E(G)| + 2|X|+ |Y |+ 1− (λ(x) + λ(y)). (6)
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Thus, by (3) and (6), S := {ϕ(y) − ϕ(x) | x ∈ X, y ∈ Y, xy ∈ E(G)} has |E(G)| elements.
Therefore, by (5),
S = {1, 2, . . . , |E(G)|}
which, together with (4), implies that ϕ is a graceful labeling of G.
Now we show that G has a super edge-magic labeling. Let ϕ be an |X|-edge consecutive
magic labeling. Then ϕ(X) = {1, . . . , |X|}; ϕ(E(G)) = {|X| + 1, . . . , |X| + |E(G)|}; ϕ(Y ) =
{|X| + |E(G)| + 1, . . . , |X| + |Y |+ |E(G)|}.
Now we define ϕ∗ : X ∪ Y ∪ E(G) → {1, . . . , |X| + |Y |+ |E(G)|} by
ϕ∗(v) =
{
ϕ(v) if v ∈ X,
ϕ(v) − |E(G)| if v ∈ Y,
and, for each pair of adjacent vertices x and y,
ϕ∗(xy) = ϕ(xy) + |Y |.
For an edge xy of G for x ∈ X, y ∈ Y ,
ϕ∗(x) + ϕ∗(y) + ϕ∗(xy) = ϕ(x) + (ϕ(y) − |E(G)|) + (ϕ(xy) + |Y |),
which is a constant number. Thus ϕ∗ is an edge-magic labeling of G. By the definition of ϕ∗,
ϕ∗ is an (|X| + |Y |)-edge consecutive magic labeling, that is, a super edge-magic labeling.
Given a graph G, let γ : V (G) ∪ E(G) → {1, 2, . . . , |V (G)| + |E(G)|} be an edge-magic
labeling for a graph G. Define the labeling γ′ : V (G) ∪ E(G) → {1, 2, . . . , |V (G)| + |E(G)|} as
follows: For a vertex x,
γ′(x) = |V (G)| + |E(G)| + 1− γ(x),
for an edge xy,
γ′(xy) = |V (G)| + |E(G)| + 1− γ(xy).
Then γ′ is called the dual of γ. From Wallis [8], we know that the dual of an edge-magic
labeling of a graph G is also an edge-magic labeling of G. Moreover, if k is the magic constant
corresponding to γ, then for any adjacent vertices x and y of G,
γ′(x) + γ′(y) + γ′(xy)
= (|V (G)| + |E(G)| + 1− γ(x)) + (|V (G)|+ |E(G)| + 1− γ(y)) + (|V (G)|+ |E(G)| + 1− γ(xy))
= 3(|V (G)|+ |E(G)| + 1)− (γ(x) + γ(y) + γ(xy)) = 3(|V (G)|+ |E(G)| + 1)− k,
that is, 3(|V (G)| + |E(G)| + 1)− k is the magic constant corresponding to γ′.
From the fact that the dual of an edge-magic labeling of a graph G is also an edge-magic
labeling of G, the following theorem is immediately true.
Theorem 5. For a connected bipartite graph G = (X,Y ), exactly one of the following is true:
(i) G does not have a b-edge consecutive magic labeling for any b;
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(ii) G has only 0-edge consecutive magic labeling and super edge-magic labeling;
(iii) G is a tree having a b-edge consecutive magic labeling for each b = 0, |X|, |Y |, |X|+ |Y |.
Proof. We suppose that G has a b-edge consecutive magic labeling λ and denote the dual of
λ by λ′. By Theorem 2, b = 0, |X|, |Y |, or |X| + |Y |. Since |V (G)| = |X| + |Y |, it is true
that λ(X ∪ Y ) = {1, . . . , |X| + |Y |} and λ(E(G)) = {|X| + |Y | + 1, . . . , |X| + |Y | + |E(G)|} if
and only if λ′(X ∪ Y ) = {|E(G)| + 1, . . . , |X| + |Y |+ |E(G)|} and λ′(E(G)) = {1, . . . , |E(G)|}.
Similarly, λ(X) = {1, . . . , |X|}, λ(E(G)) = {|X|+ 1, . . . , |X|+ |E(G)|}, and λ(Y ) = {|X|+ 1 +
|E(G)|, . . . , |X|+ |Y |+E(G)} if and only if λ′(Y ) = {1, . . . , |Y |}, λ′(E(G)) = {|Y |+1, . . . , |Y |+
|E(G)|}, and λ′(X) = {|Y | + 1 + |E(G)|, . . . , |X| + |Y | + |E(G)|}. Thus, for b = |X| + |Y | or
|X|, then the dual of a b-edge consecutive magic labeling of G is a (|V (G)|− b)-edge consecutive
magic labeling of G and vice versa. Since λ is the dual of λ′, this statement is true even for
b = 0 or |Y |. Therefore, if b = |X| or |Y |, then, by the observation by Wallis [8] together with
Theorems 4, the statement (iii) is true. If neither (i) nor (iii) is true, then b = 0 or |X| + |Y |.
By the above argument again, the statement (ii) is immediately true.
Given a b-edge consecutive magic labeling λ of a connected bipartite graph, there is a way
of deducing a new b-edge consecutive magic labeling and a magic constant from λ other than
using the dual of edge magic labeling.
Proposition 6. If λ is a b-edge consecutive magic labeling of a connected bipartite graph G =
(X,Y ) with a magic constant k, then the mapping λ∗ : V (G)∪E(G) → {1, . . . , |V (G)|+ |E(G)|}
defined by
(i) λ∗(x) = |V (G)| + 2|E(G)| + 1 − λ(x) for a vertex x and λ∗(xy) = |E(G)| + 1− λ(xy) for
two adjacent vertex x and y is also a b-edge consecutive magic labeling of G with magic
constant 2|V (G)| + 5|E(G)| + 3− k if b = 0;
(ii) λ∗(x) = |X|+ |Y |+1−λ(x) for a vertex x and λ∗(xy) = 2|V (G)|+ |E(G)|+1−λ(xy) for
two adjacent vertex x and y is also a b-edge consecutive magic labeling of G with magic
constant 4|V (G)| + |E(G)| + 3− k if b = |V (G)|;
(iii) λ∗(x) = |X|+ 1− λ(x) for a vertex x ∈ X, λ∗(y) = 2|X|+ |Y |+ 2|E(G)|+ 1− λ(y) for a
vertex y ∈ Y , and λ∗(xy) = 2|X|+|E(G)|+1−λ(xy) for two adjacent vertex x and y is also
a b-edge consecutive magic labeling of G with magic constant 5|X|+ |Y |+3|E(G)|+3− k
if b = |X|;
(iv) λ∗(x) = |X|+ 2|Y |+ 2|E(G)| + 1− λ(x) for a vertex x ∈ X, λ∗(y) = |Y |+ 1− λ(y) for a
vertex y ∈ Y , and λ∗(xy) = 2|Y |+|E(G)|+1−λ(xy) for two adjacent vertex x and y is also
a b-edge consecutive magic labeling of G with magic constant |X|+5|Y |+3|E(G)|+3− k
if b = |Y |.
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Proof. Suppose that b = 0. Then
λ∗(x) + λ∗(y) + λ∗(xy)
= (|V (G)|+ 2|E(G)| + 1− λ(x)) + (|V (G)| + 2|E(G)| + 1− λ(y)) + (|E(G)| + 1− λ(xy))
= 2|V (G)|+ 5|E(G)| + 3− k,
which is a constant number. For the remaining cases, it can similarly be checked.
3 Edge consecutive magic labelings for trees
In the previous section, we have shown that if a connected bipartite graph G has a b-consecutive
labeling for some b ∈ {1, . . . , |V (G)| − 1}, then G is a tree. In this section, we study edge
consecutive magic labelings of interesting families of trees.
A caterpillar is a tree derived from a path by joining leaves to the vertices of the path. We
denote by Sn1,n2,...,nr the caterpillar derived from a path Pr = c1c2 · · · cr for a positive integer r
by joining ni leaves to ci, where ni is a nonnegative integer, for each i = 1, . . ., r. We denote
the neighbors of ci by ci,1, . . ., ci,ni for i = 1, . . ., r.
Theorem 7. The caterpillar Sn1,n2,...,nr has a b-edge consecutive magic labeling if and only if
t ∈ {0,
⌈ r
2
⌉∑
i=1
n2i−1 +
⌊r
2
⌋
,
⌊ r
2
⌋∑
i=1
n2i +
⌈r
2
⌉
,
r∑
i=1
ni + r}.
Proof. The caterpillar Sn1,n2,...,nr is a connected bipartite graph. Let (X,Y ) be a bipartition of
Sn1,n2,...,nr such that
X = {c1, c21, . . . , c2n2 , c3, . . . , cr1, . . . , crnr};
Y = {c11, . . . , c1n1 , c2, c31, . . . , c3n3 . . . , cr−1,1, . . . , cr−1,nr−1 , cr}
if r is even, and
X = {c1, c21, . . . , c2n2 , c3, . . . , cr−1,1, . . . , cr−1,nr−1 , cr};
Y = {c11, . . . , c1n1 , c2, c31, . . . , c3n3 . . . , cr1, . . . , crnr}
if r is odd. Then |X| =
∑⌊ r
2
⌋
i=1 n2i + ⌈
r
2⌉ and |Y | =
∑⌈ r
2
⌉
i=1 n2i−1 + ⌊
r
2⌋.
Now the ‘only if’ part immediately follows from Theorem 2.
For a notational convenience, we let α = |X| =
∑⌊ r
2
⌋
i=1 n2i + ⌈
r
2⌉ and β = |Y | =
∑⌈ r
2
⌉
i=1 n2i−1 +
⌊ r2⌋. To show the ‘if’ part, we give a a β-edge consecutive magic labeling first. For each edge
of Sn1,n2,...,nr , the labels of its end vertices are ci and ci+1 for some i ∈ {1, . . . , r − 1}, or
c2i−1 and c2i−1,j for some i ∈ {1, . . . , ⌈r/2⌉} and j ∈ {1, . . . , n2i−1}, or c2i and c2i,j for some
i ∈ {1, . . . , ⌈r/2⌉} and j ∈ {1, . . . , n2i}.
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We define λ : V (Sn1,n2,...,nr) ∪ E(Sn1,n2,...,nr)→ {1, 2, · · · , 2
∑r
i=1 ni + 2r − 1} by
λ(c2i−1) = α+ 2β − 1 +
i−1∑
l=1
n2l + i; λ(c2i) =
i∑
l=1
n2l−1 + i
λ(c2i−1,j) =
i−1∑
l=1
n2l−1 + i+ j − 1; λ(c2i,j) = α+ 2β − 1 +
i−1∑
l=1
n2l + i+ j
λ(cici+1) = α+ 2β − i−
i∑
l=1
nl for any 1 ≤ i ≤ r − 1;
λ(c2i−1c2i−1,j) = α+ 2β − 2i+ 2−
2i−2∑
l=1
nl − j;
λ(c2ic2i,j) = α+ 2β − 2i+ 1−
2i−1∑
l=1
nl − j
for j = 1, . . ., n2i and i = 1, . . ., ⌈r/2⌉. Then
λ(c2i−1) + λ(c2i) + λ(c2i−1c2i) =
(
α+ 2β − 1 +
i−1∑
l=1
n2l + i
)
+
(
i∑
l=1
n2l−1 + i
)
+
(
α+ 2β − 2i+ 1−
2i−1∑
l=1
nl
)
= 2α+ 4β.
Similarly, one can check that
λ(c2i−1) + λ(c2i−1,j) + λ(c2i−1c2i−1,j) = λ(c2i) + λ(c2i,j) + λ(c2ic2i,j) = 2α+ 4β.
Thus λ is a β-edge consecutive magic labeling. Hence the statement is true by Theorem 5.
Since the double star Sm,n is a special case of the caterpillar Sn1,n2,...,nr for r = 2, the
following corollary is immediately true.
Corollary 8. The double star Sm,n has a b-edge consecutive magic labeling if and only if b ∈
{0,m + 1, n + 1,m+ n+ 2}.
Wallis [8] asked whether or not double stars are edge-magic. Since a consecutive edge magic
labeling is an edge-magic labeling, the above proposition answers his question.
By Corollary 8, the double star Sm,n has an (m + 1)-edge consecutive magic labeling and
an (n+ 1)-edge consecutive magic labeling. We show that there are only two such labelings for
each of m, n.
Proposition 9. For some positive integers m and n, the double star Sm,n has only two (m+1)-
edge consecutive magic labelings (resp. (n + 1)-edge consecutive magic labelings) both of which
have magic constant 4m+ 2n+ 6 (resp. 4n+ 2m+ 6).
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Proof. We may regard G := Sm,n as a bipartite graph with bipartition (X,Y ) with |X| = m+1
and |Y | = n+ 1. Let λ be an (m+ 1)-edge consecutive magic labeling of G and k be the magic
constant of λ. Then, by the definition of (m+ 1)-labeling and Proposition 1,
λ(X) = [m+ 1] and λ(Y ) = {2m+ n+ 3, . . . , 2m+ 2n+ 3} (7)
for all x ∈ X and y ∈ Y . Let u and v be the central vertices of G and let λ(u) = α and
λ(v) = β. Without loss of generality, we may assume that u ∈ X and v ∈ Y . As α and β belong
to different partite sets and the vertices other than the central vertices form an independent set,
we know from (7) that the labeling λ is completely determined by α and β. Therefore it suffices
to show that there are only two possible pairs of integers for (α, β). By (7) and the assumption
that u ∈ X and v ∈ Y ,
A := {λ(u) + λ(y) | y ∈ Y } = {α+ 2m+ n+ 3, · · · , α+ 2m+ 2n + 3}
and
B := {λ(v) + λ(x) | x ∈ X} = {β + 1, · · · , β +m+ 1}.
Since X ∩Y = ∅, it is true that A∩B = {λ(u)+λ(v)}, so |A∩B| = 1. Moreover, X∪Y = V (G)
and each edge is incident to u or v, so A ∪B = {λ(x) + λ(y) | xy ∈ E(G)}.
Since λ is an edge consecutive magic labeling, {k− λ(xy) | xy ∈ E(G)} is a set of m+ n+1
consecutive integers and therefore {λ(x) + λ(y) | xy ∈ E(G)} is a set of m+ n + 1 consecutive
integers. Since A ∪ B = {λ(x) + λ(y) | xy ∈ E(G)}, A ∪ B is a set of m + n + 1 consecutive
integers. This together with the fact |A ∩B| = 1 imply that there are only two possible cases:
α+ 2m+ n+ 3 = β +m+ 1 or α+ 2m+ 2n+ 3 = β + 1.
Assume the former. Since 2m+ n+ 3 ≤ β and α ≤ m+ 1,
(2m+ n+ 3) +m+ 1 ≤ β +m+ 1 = α+ 2m+ n+ 3 ≤ (m+ 1) + 2m+ n+ 3.
Since the left hand side of the first inequality and the right hand side of the second inequality
both equal 3m+n+4, we have β+m+1 = 3m+n+4 and α+2m+n+3 = 3m+n+4. Hence
α = m+ 1 and β = 2m+ n+ 3. Now assume the latter. Since β ≤ 2m+ 2n+ 3 and 1 ≤ α,
1 + 2m+ 2n + 3 ≤ α+ 2m+ 2n+ 3 = β + 1 ≤ 2m+ 2n+ 3 + 1.
Thus β = 2m+ 2n+ 3 and α = 1. We can easily check that the magic constant is 4m+ 2n+ 6
in both cases.
By symmetry, the double star Sm,n has only two (n + 1)-edge consecutive magic labelings
and their magic constant is 2m+ 4n+ 6.
Proposition 9 tells us that magic constants of (m+ 1)-edge consecutive magic labelings and
(n + 1)-edge consecutive magic labelings for a double star are unique. As a matter of fact, the
magic constants of a double star are of specific form.
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Theorem 10. The magic constants of the double star Sm,n are in the form of dt+ 6 for some
nonnegative integer t where d is the greatest common divisor of m and n.
Proof. Suppose that the double star G := Sm,n has a b-edge consecutive magic labeling λ and k
is a magic constant of λ. Let x and y be the central vertices of the double star G and λ(x) = i
and λ(y) = j. Then 1 ≤ i, j ≤ 2m+ 2n+ 3.
k(m+ n+ 1) =
∑
uv∈E(G)
[λ(u) + λ(uv) + λ(v)]
=
[1 + (2m+ 2n + 3)](2m + 2n + 3)
2
+mλ(x) + nλ(y)
= (m+ n+ 2)(2m + 2n + 3) +mi+ nj
= (m+ n+ 1)(2m + 2n + 5) +mi+ nj + 1. (8)
Since magic constant k is a positive integer, mi+nj+1 is a multiple of m+n+1 by the equality
(8). That is, mi+ nj + 1 = l(m+ n+ 1) for some positive integer l. Then, by (8),
k = 2m+ 2n+ 5 + l (9)
Since it is impossible for both i and j to equal 1, we have l ≥ 2. Let d be the greatest common
divisor of m and n. Then m = dm′ and n = dn′ for relatively prime positive integers m′ and n′.
Suppose that d = 1, that is, m and n are relatively prime. Then, since l ≥ 2, by the Be´zout’s
identity, l − 1 = µ1m + ν1n or l = µ1m + ν1n + 1 for some integers µ1 and ν1. Then, by (9),
k = 2m+ 2n+ µ1m+ ν1n+ 6 = d(2m+ 2n+ µ1m+ ν1n) + 6.
Now suppose d ≥ 2. By the division algorithm, l = dq + r for some integers q and r with
0 ≤ r ≤ d− 1. Then
mi+ nj + 1 = (m+ n+ 1)(dq + r)
or
m(i− dq − r) + (j − dq − r)n− dq = r − 1.
Since the left hand side is divisible by d, r − 1 is a multiple of d. Since r ≤ d− 1, r = 1 and so
l = dq + 1. Hence, by (9),
k = 2m+ 2n+ 5 + (dq + 1) = d(2m′ + 2n′ + q) + 6
and we complete the proof.
We may regard Sm,n as a bipartite graph with bipartition (X,Y ) with |X| = n+1 and |Y | =
m+1. In the proof of Theorem 7, we have shown that 2(n+1)+4(m+1) = 4m+2n+6 is a magic
constant for b = n+1. For the β-edge consecutive magic labeling given in the proof of Theorem 7
where β = |Y |, we define ϕ : V (Sn1,n2,...,nr) ∪E(Sn1,n2,...,nr) → {1, 2, · · · , 2
∑r
i=1 ni + 2r− 1} by
ϕ(y) = λ(y) for each y ∈ Y ; ϕ(x) = λ(x) − α − β + 1 for each x ∈ X; ϕ(xy) = λ(xy) + α for
each pair of adjacent vertices x and y of Sn1,n2,...,nr . It can easily be checked that ϕ is super
edge-magic labeling by the fact that λ is a β-edge consecutive magic labeling. Now we take two
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adjacent vertices x and y of the caterpillar. Then we may assume that x ∈ X and y ∈ Y . By
the definition,
ϕ(x) + ϕ(y) + ϕ(xy) = (λ(x)− α− β + 1) + λ(y) + (λ(xy) + α) = 2α+ 3β + 1 = 3m+ 2n+ 6.
Then, by Lemma 6(ii),
4|V (G)|+|E(G)|+3−(3m+2n+6) = 4(m+n+2)+(m+n+1)+3−(3m+2n+6) = 2m+3n+6
for b = m+n+2. Furthermore, recalling that the dual γ′ of a b-edge consecutive magic labeling
γ with a magic constant k is a (|V (G)| − b)-edge consecutive magic labeling with the magic
constant 3(|V (G)| + |E(G)| + 1)− k, we obtain
3(|V (G)| + |E(G)| + 1)− (2m+ 3n+ 6) = 4m+ 3n + 6
is a magic constant of G for b = 0. Then, by Lemma 6(i),
2|V (G)|+5|E(G)|+3−(4m+3n+6) = 2(m+n+2)+5(m+n+1)+3−(4m+3n+6) = 3m+4n+6
is another magic constant for b = 0. By the symmetry, 4(n + 1) + 2(m+ 1) = 2m+ 4n+ 6 is a
magic constant for b = m+ 1.
In the rest of paper, we take a look at a special type of a lobster which is obtained from a
star graph G by attaching a leaf to each leaf of G. For a positive integer p, we denote by Lp the
lobster obtained from a star with p leaves in such a way. In addition, we denote the center of
Lp by x, the vertices at distance 1 from x by y1, . . ., yp, the vertex adjacent to yi by xi for each
i = 1, . . ., p. Now the following is true for Lp.
Theorem 11. For p ≥ 3, Lp has a b-edge consecutive magic labeling if and only if b ∈ {0, 2p+1}.
Proof. Kim and Park [3] showed that Lp has an (2p+1)-edge consecutive magic labeling. Thus,
by Theorem 5, the ‘only if’ part is true.
Now we show the ‘if’ part. By Theorem 2, b ∈ {0, p, p+1, 2p+1}. For notational convenience,
we denote {1, . . . , p + 1} by [p + 1]. To reach a contradiction, suppose that b = p + 1. Then
there is a (p+ 1)-edge consecutive magic labeling λ of Lp such that
λ(E(G)) = {p+ 2, . . . , 3p + 1}.
By Proposition 1,
λ({x, x1, . . . , xp}) = [p+ 1] and λ({y1, . . . , yp}) = {3p + 2, . . . , 4p + 1}.
Set λ(x) = i. Then i ∈ [p+1]. Let k be the magic constant corresponding to λ. Then the values
of λ for the edges joining x and the vertices y1, . . ., yp are
k − 4p − i− 1, . . . , k − 3p− i− 2.
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Suppose that i + j ∈ [p + 1] for some integer j. Then i + j is assigned to a vertex in
{x, x1, . . . , xp}. The set of possible values of λ for the edge joining a vertex in {y1, . . . , yp} and
the vertex labeled with i+ j is
A(i, j) := {k − [(i+ j) + (4p+ 1)], . . . , k − [(i+ j) + (3p+ 2)]}.
Then
A(i, 1) = {k − 4p − i− 2, . . . , k − 3p− i− 3}
and
A(i,−1) := {k − 4p− i, . . . , k − 3p− i− 1}.
We first note that all the elements of A(i, 1) except k− 4p− i− 2 = k− [(i+1)+ (4p+1)] have
been already assigned to edges joining x and y1, . . ., yp, and so the vertex labeled with 4p + 1
must be joined with the one labeled with i+ 1. We also note that all the elements of A(i,−1)
except k − 3p − i− 1 = k − [(i − 1) + (3p + 2)] are occupied by edges joining x and y1, . . ., yp,
and so the vertex labeled with 3p + 2 must be joined with the one labeled with i− 1
Now suppose that i ≥ 3. Then i−2 ∈ [p+1] and k− [(i−2)+(3p+2)] = k−3p−i is the only
element in A(i,−2) that was not assigned to edges joining x and y1, . . ., yp. Thus the vertex
labeled with i − 2 and the one labeled with 3p + 2 should be joined. However, i − 1 ∈ [p + 1],
and the vertex labeled with 3p + 2 must be joined to the one labeled with i − 1 by the above
argument and we reach a contradiction.
Now suppose that i = 2. Then i+ 2 = 4 ∈ [p+ 1] since p ≥ 3 and
A(i, 2) = {k − [(i+ 2) + (4p + 1)], . . . , k − [(i+ 2) + (3p + 2)]},
in which k − [(i + 2) + (4p + 1)] = k − 4p − i − 3 is the only available label. However, in that
case, the vertex labeled with i+ 2 and the one labeled with 4p+ 1 should be joined, which is a
contradiction as the vertex labeled with 4p+ 1 is already joined to the one labeled with i+ 1.
Now suppose that i = 1. Then the values of λ for the edges joining x and vertices y1, . . ., yp
are k − 4p − 2, . . ., k − 3p− 3. Moreover, 2 = i+ 1 ∈ [p + 1] since p ≥ 3, and
A(1, 1) = {k − 4p − 3, . . . , k − 3p − 4},
in which k− 4p− 3 = k− [(1 + 1)+ (4p+1)] is the only available label. Thus the vertex labeled
2 and the one labeled with 4p+ 1 are joined. Now 3 = i+ 2 ∈ [p+ 1] since p ≥ 3, and
A(1, 2) = {k − 4p− 4, . . . , k − 3p− 5}
in which k − 4p − 4 = k − [(1 + 2) + (4p + 1)] is the only available label for the edge incident
to the vertex labeled with 3. Then, however, the other end vertex of the edge must be labeled
with 4p+1, which is impossible as the vertex labeled with 4p+1 is adjacent to the one labeled
with 2.
Suppose that i = p+ 1. Then the values of λ for the edges joining x and vertices y1, . . ., yp
are k − 5p − 2, . . ., k − 4p− 3. Now for p = i− 1,
A(p+ 1,−1) = {k − 5p− 1, . . . , k − 4p− 2}
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Figure 1: A 2-edge consecutive magic labeling for L1 and a 3-edge consecutive magic labeling
for L2.
in which k − 4p − 2 = k − [(p + 1) + (−1) + (3p + 2)] is the only available label for the edge
incident to the vertex labeled with p. Thus the vertex labeled p and the one labeled with 3p+2
are joined. On the other hand, for p− 1 = i− 2,
A(p + 1,−2) = {k − 5p, . . . , k − 4p− 1}
in which k− 5p = k− [(p+1)+ (−2) + (4p+1)] is the only available label for the edge incident
to the vertex labeled with p − 1. Then, however, the vertex labeled with p − 1 and the one
labeled 3p+2 should be joined, which is impossible as the vertex labeled with 3p+2 also must
be adjacent to the one labeled with p.
Thus there is no (p + 1)-edge consecutive magic labeling for Lp. Then, by Theorem 5, the
statement is true.
Remark 12. For p = 1 or 2, the above theorem is false. We may assign (p+1)-edge consecutive
magic labelings to L1 and L2, which are the paths P3 and P5 of lengths 2 and 4, respectively (see
Figure 1).
Remark 13. By Theorem 11, we know that the converse of Theorem 4 is false as the lobster
L4 is super edge-magic but it does not have a b-edge consecutive magic labeling for b = 4 or 5.
Furthermore, L4 is graceful as shown in Figure 2.
4 Closing Remarks
We have shown that there are only two possible values of b for which a connected non-bipartite
graph has a b-edge consecutive magic labeling.
As Enomoto et al. [1] showed that an odd cycle of length at least 3 is super edge-magic and
an even cycle does not have a super edge-magic labeling. Thus, by Theorem 3, an odd cycle
13
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Figure 2: A graceful labeling of L4.
of length l (l ≥ 3) has a b-edge consecutive labeling if and only if b ∈ {0, l}. Furthermore, by
Theorems 4 and 5, an even cycle does have a consecutive edge magic labeling.
On the other hand, in the same paper, they proved that a complete bipartite graph Km,n is
super edge-magic if and only if m = 1 or n = 1 or equivalently Km,n is not super edge-magic if
and only if m ≥ 2 and n ≥ 2. This result together with Theorem 5 imply that Km,n has a total
edge consecutive magic labeling if and only if m = 1 or n = 1.
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